In this paper, we study the second approximate Matsumoto metric
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Introduction
The flag curvature in Finsler geometry is a natural extension of the sectional curvature in Riemannian geometry, which is first introduced by L. Berwald. For a Finsler manifold (M, F ), the flag curvature is a function K(P, y) of tangent planes P ⊂ T x M and directions y ∈ P . F is said to be of scalar flag curvature if the flag curvature K(P, y) = K(x, y) is independent of flags P associated with any fixed flagpole y. F is called of almost isotropic flag curvature if
where c = c(x) and σ = σ(x) are scalar functions on M . One of the important problems in Finsler geometry is to characterize Finsler manifolds of almost isotropic flag curvature [11] .
To study the geometric properties of a Finsler metric, one also considers non-Riemannian quantities. In Finsler geometry, there are several important non-Riemannian quantities: the Cartan torsion C, the Berwald curvature B, the mean Landsberg curvature J and S-curvature S, etc [6] [9] [11] [18] . These are geometric quantities which vanish for Riemnnian metrics.
Among the non-Riemannian quantities, the S-curvature S = S(x, y) is closely related to the flag curvature which constructed by Shen for given comparison theorems on Finsler manifolds. A Finsler metric F is called of isotropic Scurvature if S = (n + 1)cF,
for some scalar function c = c(x) on M . In [11] , it is proved that if a Finsler metric F of scalar flag curvature is of isotropic S-curvature (2) , then it has almost isotropic flag curvature (1) . The geodesic curves of a Finsler metric F = F (x, y) on a smooth manifold M , are determined byc i + 2G i (ċ) = 0, where the local functions G i = G i (x, y) are called the spray coefficients. A Finsler metric F is called a Berwald metric, if G i are quadratic in y ∈ T x M for any x ∈ M . A Finsler metric F is said to be isotropic Berwald metric if its Berwald curvature is in the following form
where c = c(x) is a scalar function on M [6] . As a generalization of Berwald curvature, Bácsó-Matsumoto proposed the notion of Douglas curvature [1] . A Finsler metric is called a Douglas metric if
In order to find explicit examples of Douglas metrics, we consider (α, β)-metrics. An (α, β)-metric is a Finsler metric of the form F := αφ(
i is a 1-form on M . This class of metrics is were first introduced by Matsumoto [10] . Among the (α, β)-metrics, the Matsumoto metric is special and significant metric which constitute a majority of actual research. The Matsumoto metric is expressed as
This metric was introduced by Matsumoto as a realization of Finsler's idea "a slope measure of a mountain with respect to a time measure" [19] . In the Matsumoto metric, the 1-form β = b i y i was originally to be induced by earth gravity. Hence, we could regard b i (x) as the the infinitesimals and neglect the infinitesimals of degree of b i (x) more than two [12] 
where |β| < |α| (for more information, see [13] ). This metric was introduced by Park-Choi in [13] . By definition, the Matsumoto metric is expressed as lim r→∞ L(α, β) = α 2 α−β . In this paper, we consider second approximate Matsumoto metric
α 2 with some non-Riemannian curvature properties and prove the following.
α 2 be a non-Riemannian second approximate Matsumoto metric on a manifold M of dimension n. Then F is of scaler flag curvature with isotropic S-curvature (2), if and only if it has isotropic Berwald curvature (3) with almost isotropic flag curvature (1) . In this case, F must be locally Minkowskian.
Preliminaries
Let M be a n-dimensional C ∞ manifold. Denote by T x M the tangent space at x ∈ M , by T M = ∪ x∈M T x M the tangent bundle of M , and by T M 0 = T M \ {0} the slit tangent bundle on M . A Finsler metric on M is a function F : T M → [0, ∞) which has the following properties: (i) F is C ∞ on T M 0 ; (ii) F is positively 1-homogeneous on the fibers of tangent bundle T M ; (iii) for each y ∈ T x M , the following quadratic form g y on T x M is positive definite,
Let x ∈ M and F x := F | TxM . To measure the non-Euclidean feature of
The family C := {C y } y∈T M0 is called the Cartan torsion. It is well known that C = 0 if and only if F is Riemannian [17] . For y ∈ T x M 0 , define mean Cartan torsion I y by I y (u) := I i (y)u i , where 
∂ ∂y i , where
The G is called the spray associated to (M, F ). In local coordinates, a curve c(t) is a geodesic if and only if its coordinates (c
The B and E are called the Berwald curvature and mean Berwald curvature, respectively. Then F is called a Berwald metric and weakly Berwald metric if B = 0 and E = 0, respectively.
A Finsler metric F is said to be isotropic mean Berwald metric if its mean Berwald curvature is in the following form
where c = c(x) is a scalar function on M and h ij is the angular metric [6] .
We call D := {D y } y∈T M0 the Douglas curvature. A Finsler metric with D = 0 is called a Douglas metric. The notion of Douglas metrics was proposed by Bácsó-Matsumoto as a generalization of Berwald metrics [1] . For a Finsler metric F on an n-dimensional manifold M , the Busemann-
In general, the local scalar function σ F (x) can not be expressed in terms of elementary functions, even F is locally expressed by elementary functions. Let G i denote the geodesic coefficients of F in the same local coordinate system. The S-curvature can be defined by
It is proved that S = 0 if F is a Berwald metric. There are many non-Berwald metrics satisfying S = 0. S said to be isotropic if there is a scalar functions c(x) on M such that S = (n + 1)c(x)F .
is a family of linear maps on tangent spaces, defined by
For a flag P = span{y, u} ⊂ T x M with flagpole y, the flag curvature K = K(P, y) is defined by
We say that a Finsler metric F is of scalar curvature if for any y ∈ T x M , the flag curvature K = K(x, y) is a scalar function on the slit tangent bundle T M 0 . In this case, for some scalar function K on T M 0 the Riemann curvature is in the following form 
where b i|j denote the coefficients of the covariant derivative of β with respect to α. Let r i0 := r ij y j , s i0 := s ij y j , r 0 := r j y j , s 0 := s j y j .
Then the S-curvature is given by
Let us put
In [5] , Cheng-Shen characterize (α, β)-metrics with isotropic S-curvature.
Then, F is of isotropic S-curvature S = (n + 1)cF , if and only if one of the following holds
where ε = ε(x) is a scalar function, and φ = φ(s) satisfies
where k is a constant. In this case, c = kǫ.
(ii) β satisfies
In this case, c = 0.
Let
Then the formula for the mean Cartan torsion of an (α, β)-metric is given by following
In [7] , it is proved that the condition Φ = 0 characterizes the Riemannian metrics among (α, β)-metrics. Hence, in the continue, we suppose that Φ = 0.
α (x, y) denote the coefficients of F and α respectively in the same coordinate system. By definition, we have
where
Simplifying (13) yields the following
Clearly, if β is parallel with respect to α (r ij = 0 and s ij = 0), then P = 0 and Q i = 0. In this case, G i =Ḡ i α are quadratic in y, and F is a Berwald metric.
For an (α, β)-metric F = αφ(s), the mean Landsberg curvature is given by
Contracting (15) with
The horizontal covariant derivatives J i;m and J i|m of J i with respect to F and α, respectively, are given by
Then we have
Let F be a Finsler metric of scalar flag curvature K. By Akbar-Zadeh's theorem it satisfies following
where A ijk = F C ijk is the Cartan torsion and K i = ∂K ∂y i [2] . Contracting (18) with g ij yields
By (17) and (19) , for an (α, β)-metric F = αφ(s) of constant flag curvature K, the following holds
Contracting (20) with b i implies that
There exists a relation between mean Berwald curvature E and the Scurvature S. Indeed, taking twice vertical covariant derivatives of the S-curvature gives rise the E-curvature. It is easy to see that, every Finsler metric of isotropic S-curvature (2) is of isotropic mean Berwald curvature (5) . Now, is the equation S = (n + 1)cF equivalent to the equation E = n+1 2 cF −1 h? Recently, Cheng-Shen prove that a Randers metric F = α + β is of isotropic S-curvature if and only if it is of isotropic E-curvature [4] . Then, Chun-HuanCheng extend this equivalency to the Finsler metric F = α −m (α + β) m+1 for every real constant m, including Randers metric [3] . In [8] , Cui extend their result and show that for the Matsumoto metric F = α 2 α−β and the special (α, β)-metric F = α + ǫβ + κ(β 2 /α) (κ = 0), these notions are equivalent.
To prove Theorem 1.1, we need the following. where c = c(x) is a scalar function on the manifold M . In this case, S = 0. Then β is a Killing 1-form with constant length with respect to α, that is, r 00 = 0.
where η = η i (x)y i is a 1-form on M . For the second approximate Matsumoto metric, (6) reduces to following
By substituting (22) and (23) in (7), we have
Multiplying (24) implies that 
By Lemma 3.1, we always have s j = 0. Then (35), reduces to following
Thus
By multiplying (37) with b i , we have
Thus by (31), we get η = 0 and then S = (n + 1)cF . By (30), we get r ij = 0. Therefore Lemma 3.1, implies that S = 0. This completes the proof.
Proof of Theorem 1.1: Let F be an isotropic Berwald metric (3) with almost isotropic flag curvature (1) . In [20] , it is proved that every isotropic Berwald metric (3) has isotropic S-curvature (2). Conversely, suppose that F is of isotropic S-curvature (2) with scalar flag curvature K. In [11] , it is showed that every Finsler metric of isotropic Scurvature (2) has almost isotropic flag curvature (1) . Now, we are going to prove that F is a isotropic Berwald metric. In [6] , it is proved that F is an isotropic Berwald metric (3) if and only if it is a Douglas metric with isotropic mean Berwald curvature (5) . On the other hand, every Finsler metric of isotropic S-curvature (2) has isotropic mean Berwald curvature (5) . Thus for completing the proof, we must show that F is a Douglas metric. By Proposition 3.2, we have S = 0. Therefore by Theorem 1.1 in [11] , F must be of isotropic flag curvature K = σ(x). By Proposition 3.2, β is a Killing 1-form with constant length with respect to α, that is, r ij = s j = 0. Then (14) , (15) and (16) reduce to
By (12), we get
We consider two case: 
By assumption Φ = 0. Thus by (40), we get
The following holds
Then (41) can be rewritten as follows
By (11), (23) Obviously, we have A = 0 and B = 0. By A = 0 and the fact that β 14 is not divisible by α 2 , we get K = 0. Therefore (43) reduces to following Case 2. Let dim M = 2. Suppose that F has isotropic Berwald curvature (3) . In [20] , it is proved that every isotropic Berwald metric (3) has isotropic Scurvature, S = (n + 1)cF . By Proposition 3.2, c = 0. Then by (3), F reduces to a Berwald metric. Since F is non-Riemannian, then by Szabó's rigidity Theorem for Berwald surface (see [2] page 278), F must be locally Minkowskian.
